arXiv: 1501.00814v2 [gr-qc] 16 May 2015 


Effect of a cosmological constant on propagation of vacnnm polarized 

photons in stationary spacetimes 


Sourav Bhattacharya* 

Institute for Theoretical and Computational Physics, Department of Physics 
University of Crete, 700 13 Heraklion, Greece 

May 19, 2015 


Abstract 

Consideration of vacuum polarization in quantum electrodynamics may affect the momentum 
dispersion relation for photons for a non-trivial background, due to appearance of curvature depen¬ 
dent terms in the effective action. We investigate the effect of a positive cosmological constant A 
on this at one loop order for stationary A-vacuum spacetimes. To the best of our knowledge, so far 
it has been shown that A affects the propagation in a time dependent black hole spacetime. Here 
we consider the static de Sitter cosmic string and the Kerr-de Sitter spacetime to show that there 
can be some non-vanishing effect due to A for physical polarizations. Consistency of these results 
with the polarization sum rule is discussed. 
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1 Introduction 

If we consider quantum electrodynamics in curved spacetime, the effective action for the photon 
contains from the loop integrals some finite part which depends on both the field strength as well 
as the background curvature. Such finite parts originate from the curvature dependence of the 
propagator in curved spacetime. In that case the photon equation of motion gets modified and 
consequently the dispersion relation for null geodesics may no longer hold due to the gravitational 
tidal forces, as was first shown in [1]. 

Since then there has been a lot of attention given to this exotic effect m, la-iia. Such effect 
may also be present for massless spin- 1/2 fields [75], gravitons m, and even in fiat spacetimes 
with non-trivial vacuum, e.g. HZllll]. 

The velocity shifts of photons were investigated in various black hole backgrounds [310I711S]. 
For various aspects associated with this phenomenon including the preservation of unitarity and 
causality, we refer our reader to im. 
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The chief concern of this work is to investigate the role of a positive cosmological constant 
A in this phenomenon. The physical motivation of this study comes from the observation of 
accelerated expansion of our universe [TH [20] . It was shown in [I] that there is no modification 
of photon’s speed in any maximally symmetric space like de Sitter. In [8] various stationary and 
time dependent black holes with A were considered and was shown that although the velocity of 
the vacuum polarized photons gets modified, A contributes to this only in the time dependent case. 
Therefore, it is interesting to see whether we may find some non-trivial effect due to A in some 
physically interesting stationary spacetimes. 

In particular, we shall consider below two A > 0 spacetimes - the Linet-Tian cosmic string |211 
[22] and the Kerr-de Sitter [23] to show that we may have non-vanishing effects due to A, for physical 
or transverse polarizations. 

For the cosmic string spacetime in particular, the false vacuum of the scalar field inside the string 
core makes the effective value of the cosmological constant higher and hence for such spacetimes 
this effect may be considerable inside the string core. 


2 Calculation of the velocity shifts 

The basic calculational scheme uses the I-loop corrected effective equation of motion for photons 
in a weakly curved space for QED BEIIS], 

+ AVa \2aRF‘^^ + b 

TTZg 

+ ^Va {R^\dF^‘^) = 0 , ( 1 ) 

mg 

where nie is the electron mass and a = —, b = and c = — , and a is the fine structure 

constant. Using eikonal approximation Eq. (P) can be cast in the leading order P, 

+ ^Rac - k‘^a‘^h) + = 0 , ( 2 ) 

TTJg rUg 

where is the photon momentum, k'^ = kak°‘ and Uf, is the polarization vector, a ■ k = 0. We 
put above Rab = ^gat for A-vacuum Einstein spaces. The above equation is the leading departure 
from the null geodesic approximation. We may note here that if we assume the spacetime to be 
maximally symmetric de Sitter, then the Riemann tensor gets decomposed into terms proportional 
to A and gab and accordingly we get = 0. 

Precisely, our goal here is to provide examples of non-maximally symmetric stationary A-vacuum 
Einstein spaces for which not only ^ 0, but also A has non-vanishing contributions into this, by 
solving Eq. © for physical or transverse polarizations. 


2.1 The Linet-Tian-cosmic string spacetime 

Let us start with the static cylindrical Linet-Tian or Nielsen-Olesen cosmic string spacetimes [21] 
\T2\ . the exterior of which is given by 


= cos 3 _ dp^ — 
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sm 


ps/SA 2 p's/SA o 
-— cos 3 -— dcj)‘‘ 


(3) 


where d is a constant representing the conical singularity. The inside core metric for the Nielsen- 
Olesen configuration near the axis looks formally the same as above, with d = 1, and A replaced 
with an effective cosmological constant A' = A -|- 2'K\rf‘ [22], where A and rj are respectively the 
coupling constant for quartic self interaction and the expectation value of the complex scalar field 
in its false vacuum. The above spacetime has a curvature singularity at p = m- Since 
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Eq. (21) is valid only in the weak curvature limit, the following calculations will not hold near that 
singularity. Clearly, the above metric globally cannot represent a physical spacetime itself, and 
it has to be embedded within some other spacetime to get a reasonable global scenario. In any 
case, the Linet-Tian spacetime can be a very good realistic model for spacetimes with a positive 
cosmological constant in the vicinity of a cylindrical mass distribution of compact cross section. 

We choose orthonormal basis : uj^ = = dp, = ^—gzzdz. 

Following e.g. [5], we next define tensors : With the help of these tensors, we express 

the components of the Riemann tensor as (see e.g. Chapter 6 of |24| . for expressions in generic 
stationary axisymmetric spacetimes). 


Rated = E {UllUll - + F (C/^OC/io + - UHuH) 


(4) 


where E{p) = tan^ s-iid F{p) = ^ + 4 tan^ 4?ioio = E(p), and so 

on. 

Since the conical singularity term S in Eq. © does not contribute to the curvature, it is clear 
that the above expressions remain formally unchanged near the axis of the string, with A replaced 
with A' = A + 2TTXg‘^. 

Also, we define the individual momenta through 

la = {koSl + ki5°) , rua = (koS^ + k2S°) , Ua = {koSl + k3S°) , 

Pa = {kiSl - k 2 Si) , qa = {k 2 Sl - ksSl) , = {ksd^ - kiSl) . ( 5 ) 

We contract Eq. m with a vector field , where at a time corresponds to any one of the above 
momenta and using Eq.s ®, ® we find 


[1 + 


-^]k (va) 


8cAE 
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l(vp)(a-p) - (vn)(a-n)] 


8cAF 
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[(i; • l)(a ■ 1) + (v ■ m)(a ■ m) — (v ■ q)(a ■ q) — (v ■ r)(a ■ r)] = 0 . 


( 6 ) 


We start by considering the radial photon motion, k = {/ cq , 0, ^ 2 ,0} in Eq.s (O and = fcg — = 

—m?. The two physical polarization vectors for radial photons correspond to the azimuthal and 
axial directions (a ~ l,n). 

For radial photons we have I = {0, fco, 0,0} in Eq. ([5]). First we take v = I in Eq. ([ 6 ]). Also we 
have in this case p = —l^l and l-m = l- n = l- q = l- r = 0. Putting these all in together, we get 


k^{a ■ 1) 



8c 


H- - + E/cq] (a • /) — 0 , 


(7) 


with no mixing term a ■ n with the other physical polarization vector. Putting in the expressions 
of E and F (see after Eq. (|4|)), we get, since a -1 ^ 0, 


k2 





( 8 ) 


which clearly shows that the null geodesic dispersion relation is violated due to A via quantum 
effect, and since c = — it is superluininal. 

In order to get the equation corresponding to the other polarization vector (a ^ n), we take 
V = n in Eq. ([ 6 ]). We note from ([5]) that q = and n-l = n- m = n- p = n- r = 0. Putting these 
all in together, we solve Eq. m as earlier to get 



, 2cA 

1 H- 5 - sec 

mi 
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(9) 


3 














which is subluminal. 

Next, let us consider the azimuthal or orbital photons, k = {/cq, fci, 0,0}, and = k^ — kl = —P, 
from Eq.s ([5]). The two physical polarization states correspond to the radial and the axial directions, 
a ^ m,n. 

We hrst take v = m in Eq. ([6|). We have m-l = m- n = m- q = m- r = 0, and p = fj-w. Then 
preceding as earlier, from Eq. (jS]) to find 




( 10 ) 


Likewise, taking v = n and f and noting that the inner products of n with the vectors 

{l,m,p,q) vanish, Eq. (jH]) gives 


fci 


Z 



( 11 ) 


Finally, we come to the photons moving in the axial or z-directions, k = {fco, 0,0, fcs}, and = 
kQ — k^ = —n?, in Eq.®. For physical polarization along the radial direction, we have a ■ m 0 
and q = —Then choosing v = m in Eq. ®, and noting m-p = m- n = m- l = m- r = 0, we 
proceed as earlier to get = 0, i.e. the null geodesic dispersion relation. For polarization along 
(j), we choose v = I, also giving k^ = 0. This fact can be understood as the maximal symmetry of 
the ‘t — z’ plane of the Linet-Tian spacetime ®. 

For a Nielsen-Olesen cosmic string spacetime, as we mentioned earlier, sufficiently near the axis, 
A can be replaced with A' = A + 27rA?7^, which is due to the false vacuum of the complex scalar field. 
Then sufficiently inside the core, the nontrivial results of Eq.s correspond to replacing A 

with A'. 


2.2 The Kerr-de Sitter spacetime 

Let us now come to the Kerr-de Sitter spacetime [23], which reads in the Boyer-Lindquist coordi¬ 
nates. 


/ d9^\ Rsin^ 0 ( adt — {r'^ + a'^)d4>\ / dt — a sin^ 0d4>\ 

+ TTY ) / 


( 12 ) 


where, E = -|- cos^ 9, R= 1+ ^ and Aj. = (r^ -|- a^)(l — ^^) — 2Mr. We shall work in 

a region far away from the Schwarzschild radius, where we only retain terms linear in the rotation 
parameter, a. Also, owing to the observed tiny value of A ~ we always have M\fX <C 1, 

even with large masses such as M ~ 10^^A/©. Then, even for a ~ M, we can safely ignore Aa^ 
terms for practical purposes. This offers a much simplified form of the above metric, 


« fdt'^ — f ^dr^ — r^dVt^ -|- 2wr^ sin^ ddtdcj) + 0{a^), 


(13) 


where /(r) = ^1 — ^ , and a;(r-) = a (^ -I- !■). This can be thought of as the leading 

axisymmetric deformation of the Schwarzschild-de Sitter spacetime due to rotation. Since the 
diagonal components of the metric represent norms (i.e. scalars) of various coordinate vector fields, 
they must be even in the rotation parameter, because otherwise they would depend on the sign of a, 
i.e. the direction of rotation of the source and thus we have the above simplification in the leading 
order. We also note that the effect of A should be more as we move away from the gravitating source. 
In this case, keeping only terms linear in the rotation parameter seems a reasonable approximation, 
as far as we are interested in the qualitative new effects due to A. On the other hand, if we assume 
that a <C A/, Eq. (IT31) holds throughout. 
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We shall see below that such breaking of the spherical symmetry leads to a non-vanishing 
contribution of A in photon propagation. 

Following [24], we define orthonormal basis = rsm9{d(j) — wdt), = f~'^dr 

and = rd9, and compute the components of the Riemann tensor up to terms linear in a, 


— .Roioi 

^1303 = 


M A 

— Ro303 — R 1212 — R 2323 — ^ ~ TTi 


-R 0202 — —.R 1313 — 


^1202 = -4--.R123O = -R1023 = — :^-Ri302 = 


2M A 

7*3 3 ’ 

3Ma COS0 


(14) 


Let us first consider the photon motion on the equatorial plane, 9 = ii 12. We express the non¬ 
vanishing curvature components in (I14|) as earlier as 


Rabcd = A {UllUlj + UllUll - + B (C/20C/20 - UHUH) 

+C + C/i2[/20 + ul^ull) , 


(15) 


where A = || — A, R = + A and C = ^ substitute Eq. (fT^ into Eq. ([2]) and contract 

as earlier with to get 


fc^(l -I- 5 -)(a • v) -I- 5 - [{p ■ v){p ■ a) + {q- v){q ■ a) - {I ■ v){l ■ a) - {n- v){n ■ a)] 

m-g rUg 

8cC 

(r ■ v)(r ■ a)] H- 5 - [(r • v){n ■ a) + (r ■ a){n ■ v) + {p ■ v)(rn ■ a) + {p ■ a){m ■ v)] = 0, (16) 

mi 

where the vectors I, m, n etc. are defined in Eq. ©• 

Let us start by considering the radial photons, k = {/cq, 0, ^ 2 ,0}, and = —m? in Eq. dS]). One 
of the two physical polarizations is along the orthonormal basis defined above Eq. (fni) . In this 
case a ■ I 0. The other physical polarization is along the polar direction, a ^ n. 

First we take u = Hn Eq. (HU). Also, for radial photons we have from Eq. ( 0 , P= and 

l-q = l- n = l- m = l- r = 0. Then it turns out that 


[(m • v){m ■ a) — 


e(l + ^)+^[{p.l){a-p)-{l-l){a-l)] = 0. (17) 

V "ie y "ie 

We have for radial photons, P = — fcg, and {p-l){p-a) = —ki{a-l). Putting this back into Eq. (IT71) . 
we get = 0 . 

Likewise, we take v = nin Eq. (IT6l) next. We also have q = in Eq. 0. Proceeding as above 
we get k^ = 0, as well. Thus for radial photons there is no velocity shifts for physical polarizations. 

We note that retaining generic rotation in the Kerr case gives a velocity shift of at least 0{aF') [5]. 
Since we are working only with terms linear in the rotation parameter, we have k^ = 0, analogous 
to the static spacetimes [ 8 ]. 

Let us now consider the orbital photons. We have, k = {A:o, fci, 0, 0}, k^ = —P in Eq. ([5]). The 
two physical polarization vectors correspond to radial and polar directions, a ^ m,n. 

Taking u = to in Eq. (HU), and p = fj-TO (follows from (Hj), for orbital photons), using to-to = —fcg 
and p ■ m = —k^ki, Eq. (HU) reduces to 



Since we are working at one-loop order, whenever the momenta are multiplied with the coefficients 
b or c, we can take the null geodesic dispersion relation. This means for the last term in the above 
equation, we can take fco = ±fci, where -!-(—) sign corresponds to prograde (retrograde) orbits 
respectively. 
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Then we find using the explicit expressions for A, B and C (see below Eq. m) 



, 12cM 

1 H- 

rrigr'^ 





(19) 


where +(—) sign corresponds to prograde (retrograde) orbits respectively. 

Similarly for the other physical polarization, setting v = n in Eq. and using r = —^n 

(follows from ([5]), for this case) yields 


fco 


l2cM 

, 2a 

( 2M Ar^ \ " 

= 1 - 
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1± — 
r 

1 1 

fcl 


1 r s) 


( 20 ) 


This completes the calculation part for velocity shifts on the equatorial plane. 

We note that if we set M = 0 in Eq.s (HU), o, we recover the vanishing result of the empty 
de Sitter space [T]. 

Let us now check the consistency of our results with the sum rule over the physical polarizations. 
This states that, the averaged sum of the photon’s velocity shift for physical polarization equals 
— Rabk°‘k^ [6]. We put Rab = Agab- At one loop order we may take /c^ = 0 on the right hand 

side. This means on the average there is no velocity shift for photons in A-vacuum spacetimes. 
This corresponds to the earlier identically vanishing results mm- For our present case any of our 
non-vanishing results comes like lie for any set of two physical polarizations (Eq.s (l5])- (fTT]) . dT51) . 
(|20ll l. Hence our result is consistent with the polarization sum rule. 

It is clear that for any other A-vacuum spaces, the velocity shift, if it exists, should always be 
of the form lie, for any set of two physical polarizations. 

Before we end, we shall briefly discuss now about the extension of the above calculations in the 
off-equatorial plane. In that case we retain all the curvature components of (I14II . Due to this, two 
different physical polarizations mix with each other, unlike all the previous cases. For example, the 
equation for the azimuthal photons corresponding to the physical polarizations (a ^ to, n) become 

fc^(l H- 5 -)(a • to) — ^^[Akl i Bk^ + 2C'ifcofci](a • to)- ° ^ ■ n) = 0, 

TO| TOg TOg 

/c^(l i ^^)(a • n) i ^[Akl i Bk^ + 2Cikoki]{a ■ n) - . jn) = (21) 

TOg TOg TOg 

where Ci = and C 2 = are the same as earlier. In this case we 

need to solve the determinantal equation to get the modified dispersion relation. It is easy to check 
that the additional terms coming from the C 2 functions do not make any 0(a)-contribution. And 
also, in Eq.s (HU), (I20|), the factor 2a is now replaced with 2a sin 0. This simplification certainly 
appears due to keeping terms linear in the rotation parameter. The sin 9 term represents the fact 
that the effect of rotation is vanishing along the axis, 9 = 0,tt and maximum on the equatorial 
plane, 9 = 7r/2. 


3 Summary and outlook 

Let us summarize the results now. 

We have considered two physically interesting stationary A-vacuum spacetimes - the de Sitter 
cylindrical cosmic string and the Kerr-de Sitter. For the cosmic string spacetime, we have found 
shift for radial and orbital photons (Eq.s (l8l)- (ITT]) l. but no shift for axial photons. The vanishing 
of the velocity shift along the axis can be understood as the Lorentz symmetry in the H — z' plane 
of the cosmic string spacetime (Eq. ([3|)). 
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For the Kerr-de Sitter universe, we have only retained terms linear in the rotation parameter 
a, which should be the case far away from the source, where A can play a prominant role. For the 
azimuthal photons, we have found non-vanishing contribution from A (Eq.s (1191) . (1201) . 

We note that for the two different spacetimes, A contributes to the velocity shift in two very 
different qualitative ways. However, all of them are consistent with the polarization sum rule. 
Investigation of this effect for gravitons seems interesting, which we hope to address in a future 
work. 
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